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ABSTRACT. A study is made of transformations carrying certain qua-
dratic and quaternary quadratic forms into multiples of themselves, and it
is shown how these are related to the study of modules over quadratic and
quaternion rings. Special automorphic transformations of n-ary quadratic
forms may also exhibit a structure like those in the quadratic and quater-
nary cases.

1. Introduction. In this paper we will be concerned with Z-orders in composi-
tion algebras (cf. [4]) of dimensions 2 and 4 over Q (Z denotes the ring of inte-
gers, O the rationals), the quadratic and quaternion algebras, respectively.
Specifically, we will identify modules over quadratic and quaternion rings with
automorphic transformations of related quadratic forms. Certain automorphic
transformations of n-ary quadratic forms are also discussed. The author wishes
to express his appreciation to Professor Gordon Pall for his encouragement and
many helpful suggestions concerning this research. Also, Dennis Estes, in
several letters to the author and to Dr. Pall, communicated a number of (hereto-
fore unpublished) ideas and results which have been utilized in this paper.
Accordingly, the author wishes to acknowledge Professor Estes’ contribution.

The reader will recall that a composition algebra over a field K, of char-
acteristic not 2, is a pair (@, N), where ( is an algebra over K and N is a func-
tion (called the norm), N: @ — K, such that, fora, B € @, c € K,

(i) N@B)= (Na)(NB);

(i) N(ca) = c*Na;

(iii) the inner product (@, 8)= N(@ + 8)— Na - Nf is bilinear;

(iv) N is nondegenerate; that is, if (@, 8)= 0 for each B € @, thenoa = 0;
and

(v) @ has an identity element t: ta=at= aforalla € Q.
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An element a € (@ will be called pure if a € (Ku); that is, if (@, ¢)= 0. Thus
if ye (, we may write y uniquely as y = ct + @, where ¢ € K and a is pure. The
con]ugate of y is defined byy y =ct—a., Itis easily shown that (@f8,y)=
(@, yB) = (B,@y) and aB = Ba. It is well known (cf. [4]) that a composition alge-
bra @ over Q has dimension 1 (Q itself), 2 (the quadratic fields), 4 (the quaternion
algebras), or 8 (nonassociative algebras). Henceforth we assume that the dimen-
sion of & over Qis 2 or 4.

Whenever we speak of a module in f we shall mean a finitely generated Z-
submodule M of @ such that Qm = &; that is, such that XM is free over Z of rank 2
or 4. We define the norm of M to be the least positive integer in Jl. Let B 1"
B, be a basis for M. We will sometimes write J = [ﬁl’ seo, B 1 N(Ekkak
i ” iXp b € Q, called the norm form of M for the
basis B;,***, 8,- We may extract a rauonal number ¢ and write ¢ = g, where

is a quadratic form ¢ = X,

¢’ is a primitive n-ary quadratic form with coefficients in Z, called a primitive
norm of ) for the basis B,+++, B,. We verify easily that |g| is an invariant of
the choice of basis, and that equivalent bases give rise to equivalent norm forms.

A composition algebra of order 2 over Q is a fie ld F;= 0(j), where j2£1 is
a square free integer, or, if j is a symbol such that 7 = l F is the commutative
associative algebra over Q with basis 1, j. If a=a;+a,j,a0=a,~-a,j, and
No.= a3 - j2a}, and thus if j2<0, Na=0 if and only if a0, Set dy=j* o
4j% according as j2 =1 or £1 (mod 4). Let D= {doszz s=1,2,3,+++}. Toeach
d € D corresponds an order R, in F; given by

R,= {xo + X0 X, x| € VAR
where

1.2) o=w, = (e+\/;)/2, €=0 or 1 according as d=0 or 1 (mod 4).

It follows that N(x + yw) = x2 + exy + (e~ d)y2/4, the norm form of R, for the
basis 1, w.

The four-dimensional composition algebras over K are the quaternion alge=
bras, 4-dimensional central algebras which are isomorphic to either a division
algebra or the algebra of 2 x 2 matrices over K. O’Meara in [7] gives what is
probably the best known definition of a quaternion algebra. However, for our pure
poses, a more suitable definition is the one which follows, first given by Pall in
)8

Let f be an integral ternary form, (al.].) the matrix of f. Let (A i].) = adj(aij)
[if K is an 7 x » matrix, by ‘‘adj K*’ we mean the transpose of the matrix of co-
factors of K], and let adj f be the ternary form with matrix (A ) The quatermon
algebra 1)) pertaining to the form f has Q-basis 1, iy, i, i, where 'k ==A.
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k=1,2,3,and i i =-A +2.a,i,ii=-A_ -Za,i,where (r,s,1) is
a cyclic permutation of (1, 2, 3). If a= xlzl + x212 + x3t'3 € Cf(/) such that X1
Xy %3 € Z, then a is said to be purely integral. If, in addition, (x, X5 x3)= 1,
then a is termed purely primitive.

The norm form of ( for the basis 1, i, i,, i, is

(t +Zxkk)_x +ad)/(xx, 2,:c)_ac +2A" X

k,j
which need not always be an integral form. However, it is found (cf. [9]), for
tis o k=11, 2, 3}, that if ¢, = O or 1 according as 2a,; is even or odd, then the

*‘Brandt norm form’’,

= ( %%: ) + adj /(xl, E x3),

has integral coefficients. Accordingly, if we let j, = i+ ck/z, k=1,2,3,then
the norm form of @ for the basis 1, yr iy i3 is F. Further, it may be verified
that R(/)={x, + zkxk fi%, € Z} is a Z-order, which will be called the integral
order ‘‘associated with *’, or “‘obtained from’’, f. When it is convenient, we will
write simply @ and R for @(f) and R(/). An element a=x,+ Z.x,j, € R will be

z’
1; pure (mod m) if (a, 1) = 0 (mod m). If a is pure and primitive, o will sometimes

termed primitive if 1 = (x, x,, %,, xa); primitive (mod m) if (x, X1y %y Xy y m)=

be called *‘pure-primitive’’ (as distinguished from '‘purely primitive’’). The most
familiar quaternion algebra is the Hamilton algebra obtained from the form x% 4
y2 + 2%, The corresponding order R is the ‘‘Lipschitz ring’’ of integral quater-
nions.

We remark in passing that no generality is lost by studying the rings R(f);
for Estes has shown that every ring R of integral quaternions containing four
linearly independent elements such that 1 € R is isomorphic to a quaternion

order associated with an integral ternary form.

2. Modules and automorphic transformations.

2.1, The quadratic case. Suppose a;, &, are elements of the quadratic order
R, =[1, w]such that &, a, are linearly independent over Q. Let Tl be the two-
dimensional Z-module [a,,a,]. Then we may select a Z-basis kla, r + sl for M,
where a,r,s € Z, (a, r,s) = l, k€ Q. In the Z-module [a, r + swl, s is the least
positive integer coefficient of w among the elements of the module, 4 is the norm
of the module, and r is unique (mod a).

Now [a,r + sw] with (@, r, s) =1 is an ideal in R, ifand only if s =1 and
a|NG + o) (cf. [2, p. 32]). We may then set
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rro=%b+Vd), N+ =%0?-d) = ac,

whence b = (7 + w, 1), the trace of 7 + . Thus with the Z-module M = [z, 7 + w]
we may associate the form = [a, b, c]. Notice that if (2, 2d)=1, or if d is
fundamental, then ¢ is primitive; for if p|(a, b, c), then p2|b® - 4ac = d, and
(b2 - 4ac)/p? is a discriminant.

Let A denote the matrix of i, and suppose a € F, such that allcMor
am CM. Then we may select integers ¢,, t,, t3yty such that

oa=ta+ t3(r+ ®); and

(2.1.1)
ar+ @) =tya+tfr+ ©), or alr+@)=tya+ t(r+ ).

One verifies easily that if

1]

(2.1.2) T ,

then T'AT = (Na)A. Also, det T = Na or — Na according as (2.1.1)2 or (2.1.1)3
is the case.

Conversely, suppose ¢ = [a, b, c] is a binary quadratic form of discriminant
d with matrix A, and that T is a 2 x 2 integral matrix such that T'AT = eA. ¥ T
is given by (2.1.2), then det T =12, = 2,¢, =te. Choose rsothatr+w,=
(5 + Vd)/2, and let a,=ta+t (r + a)), a,=t,a+t(r+ o)

Assume det T = e. Then from the Gauss lemma (cf. [1, p. 160]) we obtain
the equations — at, = ct;, bt; = at, — at,, whence a= (/a)a, = ¢+ m)"lon2
satisfies Na=e and ala, r +©]C [a, 7 + ©]. If det T = - e, the Gauss lemma
yields bt) = at, - ct;, t, =~t;, whence a,(r + ®)=a,a. Hence if o= (1/a)a,,

then Na=e and ala, 7 + ®1C la, r + 0l

(2.1.3) Theorem. Let A be the matrix of a binary quadratic form ¢ = la, b, c]
of discriminant dyr+ 0 =1 + 0, = (b + Vd)/2, and M=1la, 7+l Then to each
2x 2 matrix T such that T'AT = eA corresponds an a. € F such that al C M or
adlc M, Specifically, a = (1/a)a, and No.= t e, where (al, a)=@r+w)T.
If § is primitive, those T’s such that T: all = M form a ring R isomorphic with
R, Conversely, if all or ol cl,aeF, P there is an integral 2 x 2 matrix T,
satisfying T, AT = (Na)A.

Clearly allC M, BM C M imply (o + BN C M, aBM C M, and we easily verify
that T, 5= T, + Tgs Tog=ToTg=Tglp = Tpye Also,R'=lae FzallCI}D
R, surely. And if ¢ is primitive, R, is the largest order within which Jl is an
ideal (cf. [2]). Thus R'= R,
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2.2. The four-dimensional case. Let @ be a quaternion algebra over the
a,,a ] with
%) and having A as the matnx of i 1ts primi-

rational field Q containing a four dimensional Z-module J = [a
norm form N(Eixiai)= mF(x, x,

tive norm F.

3’4

Suppose that 0, p € @ satisfy ploC l. Then we can find integers t;p 14,
j < 4, such that pa o= Zitija],. Let T= (ti’.) Now /(al,, a],) ma ., o that

(pa,0, pa;0) = (Np)(No)(a, a)= 2m(Np)(No)ai]..
But also,

(paio’ pa‘ia) = trza'r sl 7 Z trz(a'r’ a )t i= 2m Z tr: rs s1’
r S r7,s
which is 2m times the (i, j) entry in T'AT. Hence T'AT = (Np)(No)A. Virtually
identical reasoning yields this same result if we assume instead that plloC J.
The following useful lemma was essentially proved above:

(2.2.1) Lemma. Let M, A be as above, and suppose that S is a nonsingular
4 x 4 matrix. Let B 1< 4, be given by (B,5 B, B;s B,)=(a,, ;)05 @,)S.
Then S'AS = 1/2nA(B;, B;)).

(2.2.2) Lemma (Estes). Let 1, P17PyI P be linearly independent elements
of @ such that (p, 1)=0,i=1,2,3. Let A=%((p, 1o N=(A,). Thendet A is
the square of a rational number d, and, for a cyclic permutatzon @, k)of 1,2,
3), p; Pi== A, i+ p) a, . P, where (al.].) = (adj A)/d.

n
Proof. Let PiPi=To+ TPy +TyPpy+ T3Py i # j. Since C;pp D==(o; p,)
==24 = 2ry, we have that rj =— Aij' Now (pip]., pi) = (pip]., p,.) =0
hence (0, 0, (0,05 P, )) = 2(r (5 7,, 7,4, k #1i,j. Since 1, PysPys Py are linearly
independent, det A £ 0, and (r,, 7, r3) (Y% det A) (0, O, @, p;»p,)) adj A
Expanding the three terms N(p,p, +A i 0P, Pj» Py), and (0 P;P p) we
obtain the three equations

@, = (p,p)s p) 0, /4 det 4;
2a, = (p,pjs py) 2ai,./z det A;

Zaik = (pip,., pk) 2ajk/Z det A.

Since one of @y, a,, a., is not zero, ;P p,e)2 =4 det A. Choose d =1/det A4
so that (p,p,» p3)= 2d. Then P1Py=—Ap,+ @13Py +Ay3Py+ @330, Since
(pypyo p3)= (p3pl, py)= (p2 Pss p,), the lemma follows. Q.E.D.
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Now suppose that T is a 4 x 4 nonsingular matrix such that T'AT = eA
(whence e £ 0), and let (8,5 B,» B B)=@,a, a,,a,)T. Assume further
that a, is of nonzero norm. Then from (2 2.1) we conclude that (8., B )=
e(@; a) 1<4,j<4. Thus NB #£ 0. Also, (1, B B )=e(l, aa),sothat
(NB, )(1 BT B) a, 3 B J=-e(, a, a, )= (eNa)(1, aT a) Thetefore,
a,B;'8)=0, 0] a),l<]<4

Thus we may apply a transformation

1 uy U, Uy
o1 0 O
U= ’
0 0 1 0
_0 0 o0 1d

sothat if (1,y,5¥,,¥,)=(, a;laz,a “lo a,, of a JUand (1,8, 2,33)=

a, Bl.lﬁz’ ﬁ;lﬁy 5;134)U, then each y , 81. is pure. Therefore

1 0
U'AU = (Na,/2m) .
0 (ly, v,)

But also,eUAU U'T'ATU, and (1, 81,82,8 )= B (/31,52,33,/34)U=
(0- 0-4)TU. Hence

1 0 1 0
U'AU = (NB,/2m) = e(Na./2m) .
) b '"[o @, s,.»] S [o (@, a,.»]

Consequently, ((y y)= ©,6 )), and so by (2.2.2) the y,’s have the same mul-

tiplication table as either the 6, s or the 3 s. Hence we can find a quaternion &
and a sign 7 = *1 such that rb‘i fy}.f ’ 1 <7< 3 (cf. [9, p. 285)).

Ir=+1,then (1,8,56,,0 )equals both BT (Bl’ﬁz’ﬁs’ﬁ ) and
éa, Yir¥y: yé ! = fa”(al, a,, 5,067 1. Thus, taking p = B, £ar!
0=¢"1, we have pa,0=B,1<i<4.

If r=-1, we observe that :fal‘l(al, a,, a,, a4)4f‘lU =(1, 51, 8_2, 53)=
(B12B,s B3 BOBT'U. Letting p=B,&7", 0=, it follows that B, = p3,o0,
1<i<4,

We have proved:

(2.2.3) Theorem. Let M = [a a5, a ] be a four-dimensional Z-module
in a quaternion algebra @ such tbat Na £0, and let F be the primitive norm form
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of M, A the matrix of F. Suppose T is a 4 x 4 integral matrix such that T'AT =
eA,e £ 0. Then we can find quaternions p, o € @ satisfying:
(i) (Np)(No) = e,
(i) Mo M, p(ays @y, a5, @ )0 = (@), a5, 04,0 )T, or
MoCM,p@,,3,,8,,8)0= (0, a,,a,,a)T.
Conversely, if plo or pmac M, then the matrix T determined by (ii) satisfies
T'AT = (Np)(No)A.

Thus (2.2.3) establishes an essentially unique association between pairs
(ps0) € @ x @ such that p)ﬁac n, or_pmaC M, wich (Np)(No) £ 0, and 4 x 4 inte-
gral matrices T: pma —»3'11, or T: pmo - ?II, such that T'AT = eA, e £ 0; “essen-
tially unique”’ in the sense that (p, 0) and (gp, q"lo) gives rise to the same T
for any nonzero rational number g. Those matrices T: pma — M form a (noncom-
mutative) multiplicative semigroup, and those associated with pairs (p, 1) form a
ring R', as is easily verified; for if T: pll— X, then we may identify T and p.

A necessary and sufficient condition that R’ be isomorphic with R = [1, Ty T j3]
is evidently that X be an ideal in R and not in any larger ring. Clearly the same
remarks apply for those T’s associated with pairs (1, o).

With any 4 x 4 rational matrix V we may associate a 4-tuple of quaternions

(B, B, 33, B4)= A,755 17y js)V. Conversely, with any 4-tuple (8,, B,, [33,

34) we may associate a 4 x 4 matrix V = (vij), where, for 1 <s <4, Bs =v, +

1s

v,y + v3sj2 + U, Jse Thus the quaternions B_ may be regarded as the columns

of V, and we may write V= [, B, 8, B,]. B, may be termed the “'sth
column quaternion’’ of V.

(2.2.4) Lemma.
[ap alap aol = [a aj, aj, aj3][l1 {poal,
lpa {a pa oal = la j,a j,a jyallp {p al.

The proof is easy. Also, a matrix [a oj aj, aj 3] may be termed a “‘right
quaternion matrix,”’ [a j 87,0 j3a] a ‘'left quaternion matrix’’. The following has

already been observed:

(2.2.5) Corollary. [a aj, aj, i, 187,81,8/,81= B j,B i, i,Blladj, af, o]
These are matrices o0R — R, R — R. Also,

lapB alB apB aofl = la aj, aj, ajllB j,B8 7,8 isflle L pal.
If TI: pm — m, TZ: Mo — m, then TlT2 = TZTI: pma—' M since

(ap, a, aj, a )T T,=(a, ay ay, a)T,T, =pla}, a, aj, aJo.
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Thus suppose F(xl’ XysXgy X, )= N(x +x 7 3]2 4]'3), the **Brandt norm

form’’ of R (cf. [9]), whence m =01, 7,7, ]3]. ¥T=I[8,8, B, ﬁ4] satisfies
T'AT = eA, then we can factor T = T,T,U, where U is unit modularand T, T,

are left and right quaternion matrices, whenever we can write (8, 8, 8, B,) =
s £y ps 0) B, with detlp £ p 0] = 1. We shall see that this is always possible
when R = R, the Lipschitz ring of integral quaternions.

2.3 The Lipschitz ring. Let R = i1, iy iqy i3] denote the Lipschitz ring of
integral quaternions, and suppose that m is a positive integer, I the 4 x 4 identity
matrix, and T = (ti;‘) a 4 x 4 integral matrix satisfying T'T = ml. We assume with
no loss of generality that T is primitive. Notice that T'T = ml implies that
TT'=ml. Let ag, B, denote the sth column quaternion, row quaternion of T,
respectively. It follows from (2.2.1) that %(a,, @)= %(B; 13].) = m8 s where 31.],
is the Kronecker symbol.

Since T is primitive, if p is an odd prime dividing m, then at least two of
a;, @, 0y, a, are primitive (mod p); for if three are imprimitive (mod p), so must
be the fourth. We may assume a,, @, are primitive (mod p). Because Nal. = m,
1<i<4, a,a, have either the same right divisors, or the same left divisors
(or both) of norm p, and such divisors certainly exist (cf. [8]). Thus o and a,
have a common right (say) divisor y or norm p. If a k 3 or 4, is also pnm1-
tive, then a,; and a, have y as a common left or nght divisor. I y is a right
divisor of a; and a,, then all three of a,, a,, a, have y as a right divisor. If
@, and a; have y as a left divisor ,we consider y as a factor of @, and a . If y
is a right [left] divisor of a, and a,, then y is a right [left] divisor of all three
of a,, a,, a,. If the fourth a; is also primitive (mod p), the above argument may
be reapplied to yield the result that y is a common left divisor or a common right
divisor of each of a,, a,, a,, a,. Further, if a quaternion p satisfies p =
0 (mod p), then any quaternion of norm p is both a left and a right divisor of p.
Also, the above reasoning applies if the words *'right”’ and *‘left’’ are interchanged.
Hence:

(2.3.1) Lemma. Suppose T is a primitive 4 x 4 nonsingular integral matrix
such that T'T = ml, and that p is an odd prime dividing m. Let aps Gy Oy @,
be the column quaternions of T. Then there exists a quaterniony € R of norm

b such that y is a common left or right divisor of a;, ., Ay Oy

Suppose @, =ay, 1< i< 4. Then from (2.2.3) we conclude that T = US =
ly iy i,y izylla) aj aj agl. Now U'U= (Ny)I, so that T'T = ml implies 'S =
(m/Ny)I. A similar result holds if y is a common left divisor of a;, 1<i<4, only
then T=VS = ly yi, yi, yi,1lo] a; aj a;1. Also, UV = VU. Hence, in view of
(2.3.1), we may take Ny = p for any odd prime factor p of m, repeat the process
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with §, and so on until the supply of such factors is exhausted. We thus obtain
a factorization T = LRE = RLE, where

(2.3.2) L=lppijpiypi),  R=[£i L],

det R = "’21” det L = mg, where (2, mym,)=1 and 22 = m/mlm2 is such that
E'E = 2M. Further, A =0, 1, or 2, since T is primitive, and if 8 divides a sum
of four squares, each term must be even.

Suppose 9, is the ith column quaternion of E, 1 <i< 4. Assume A = 2.
Then N81. = 4 implies 8i(l - ik) =( - ik)ai = 0 (mod 2), 1 < k< 3, since
N(Si(l - z'k)) = 8. Hence 1+ i, is both a left and right divisor of each 81" and
so we may write E = RE, = LE,, R, L as in (2.3.2), each of determinant 4, and
E{El = E;E.2 =21, Thus the case A =2 may be reduced to the case A = 1.

IfA =1, then we see that &,,0,,8;,0, must in some order be given by
t1ti,, £1%i,, iijiin, ii]FFin, with j, k, n distinct. Now 1+, and 1 - i, are
divisors (left and right) of 1 iik, and, if j, n #k, i].iin is equal to i}.(l +i,)=
a- ik)i]., or to i].(l - ik)= a1+ ik)i].. Hence we may write E = RWl = sz’
where R, L are given by (2.3.2), and each is of determinant 4. W, W, have
determinants 1,

(2.3.3) Theorem. Suppose T'T = ml, T primitive. Then there exists a fac-
torization T = RLW = LRW, W unit-modular (i.e., det W = £1), det R = m%, det L =
mi, m = mm,, with R, L as in (2.3.2). Further, if m is odd, the factorization
m=mm, is unique.

Everything has been shown but uniqueness. We need several lemmas:

(2.3.4) Lemma. Suppose p,p,, ps € Ry such that (p,, 1) = 0, and such that
P12 Py Py have the same multiplication as i, i,, is. Then there exists a sign
o=11 and a unit € € R such that

2.3.5) op, =i, k=1,2,3.

This follows from the proof of Lemma 1 in [9, p. 285

(2.3.6) Lemma. Suppose R, L are right, left quaternion matrices respectively,
and det U=1x1. Then if RL = qU, q rational and not zero, then R and L are
within unimodular factors of a diagonal matrix.

Proof. Let U=[0,0,0,06,],N6, =1,0<k<3. Let p, =0,0,,k=1,2,
3. Since U'U = 1, it follows that P1sPys Py satisfy the hypothesis of (2.3.4).
Choose o=tland £ € R, as in (2.3.5). Then U= R,L,J, where

R, =[0,60,& 0,8, 008,), L =i &iEil, J=[loi oi,ai,].
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Further, 0= 1, since = det J =det U= (l/q‘i)(det R)(det L)> 0. Hence J =1,
and R;R = LIL' is thus both a left and right quaternion matrix. Consequently,
R|R is a scalar multiple of I. Q.E.D.

Proof of (2.3.3). Suppose T =R L W, =R,L.W,, R, R, right quaternion
matrices, Ll’ L2 left quaternion matrices, and WI, W2 unit-modular. Since T is
primitive, soare L  and Rj. Let U= W ,W]. Then (R,R,)(L;L,)=mU, and
hence we can find integral unimodular matrices V, W, and integers g, s such that

RyR, =qV, L)L, =sW. Let
1 1 1 '
RiR =rl, R,R,=r,l, LiL =t,l, LyL,=t,l

It follows that g2 = Ty s?= t,t,, and that L = (s/tz)LZW, R, = (q/’z)RzV’
Since R, and L, are primitive, slt2 and qlrz. Hence (rz/q)rl =q, (tz/s)t1 =5,
so rllqy tllS- Also, ¢2s% = Tty = m? = rftf = |det T|, so r,t, = gs. Thus
T, =4t =s. Similarly, T,=dst,=s. Consequently, the factorization T =
R,L,W, is essentially unique. Q.E.D.

(2.3.7) Corollary. Let R and L be as in (2.3.2). Then RL is primitive if and
only if R and L are. :

Proof. In the proof of (2.3.3) just above, we obtained essential uniqueness
using only the fact that R; and L, were primitive. Clearly essential uniqueness v
does not follow if T is imprimitive. Q.E.D.

We remark in passing that, if m is even, the factorization T = RLU, |det T| =
(det R)(det L) is not unique, even if T is primitive; for the quaternion matrices
of determinant 4 may be taken as left or right, as has been shown.

(2.4) Remarks on rings of transformations: The n-dimensional case. Let A
be an n x n positive-definite symmetric matrix over the reals R, and let  be a set
of matrices over R such that:

(a) S is an R-module and a ring containing the identity matrix;

(b) if S € S, then there is an 7 € R such that S'AS = rA4; and

() if S €8 satisfies S% = 0, then S = 0.

For S € 5, define the norm of § by NS = r, where S'AS = rA. It follows that
if S, S, €8,X €R, then N(SS;)= (NS)(NS,), and NQS)=A%(NS). Define the
inner product (S, T) by (S, T)= N(S + T)— NS = NT. Then (S, T)= (T, S), and

NS+ T)A=(S"+ TYA(S + T) = (NS)A + (NT)A + S'AT + T'AS.
Therefore S'AT + T'AS = (S, T)A. From this follows (A;S, +X.5,, )=
AI(SI, S+ )\Z(Sz, §), so the inner product is bilinear.
Suppose that §, € S such that (Sg» §)=0for each S € S. Then, in particular,
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(Sp»D=0,50 S; A =~ AS |, whence ~A~!S;A =S . Thus $2=0,s0 §,=0.
Therefore § is a nondegenerate, associative composition algebra over R.
Hence dim 8: R =1, 2, or 4 (cf. [4]).
Suppose that dim 8: R = 4. Then § has a basis LE,E,, Ii'3 over R with

norm form x2 + y2 + 22 + w? or x2 + y? - 22

-~ w? (the determinant of the norm
form must be a square, thus precluding index 1 or 3). Since A is positive definite,
the former must be the case, since for § € S, NS is represented by the n-ary qua-
dratic form with matrix A. Also, it follows easily that (E;,., = (E]., Ek) = 0if
1< jy k<3, #k, and hence that E/A =~ AE. Thus A =E/AE,=- AE},El=
~ 1. Futther, if i£j, 0= (E, E)A=EAE + E]AE, =~ A(E,E, + E,E,).

Therefore, E,, E,, E'3 satisfy
2 o . .
(2.4.1) E’. =-1, EI.E’. + E’.Ei =0, i#j

Accordingly, we recall two theorems of M. H. A. Newman in [6]:

(2.4.2) Theorem. If n=2%p where p is odd, and \E |, E,,+++, E,} is a set
of n X n matrices satisfying (2.4.1), then M< 2q + 1, and this maximum is attained.

A set satisfying (2.4.1) Newman calls an "‘E-set’’. A “‘maximal’’ E-set has
the obvious meaning. It is easily shown that a maximal E-set contains an odd

number of elements.

(2.4.3) Theorem. If all members of a maximal E-set are real or pure imaginary,
say R real and | imaginary, then R - 1=-1 or 7.

Therefore we may conclude that {E, E,, E,} is not a maximal E-set, and
that if #» = 27p, p odd, then 29 +1 > 5, ¢ > 2. Hence n =0 (mod 4).

Now suppose that dim 8: R =2. Then S has a basis 1, E over R with norm
form x2 + yz. From (2.4.2) and (2.4.3) we conclude 29 + 1 > 3, n even.

Thus if 7 is odd, dim O: R = 1. We remark in passing that, if we remove the

restriction that A be definite, we can still conclude that n is even when

dim 8: R = 4.
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