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MODULES OVER QUADRATIC AND QUATERNION RINGS

AND TRANSFORMATIONS OF QUADRATIC FORMS

BY

BART RICE

ABSTRACT.   A study is made of transformations carrying certain qua-

dratic and quaternary quadratic forms into multiples of themselves, and it

is shown how these are related to the study of modules over quadratic and

quaternion rings.   Special automorphic transformations of n-ary quadratic

forms may also exhibit a structure like those in the quadratic and quater-

nary cases.

1. Introduction. In this paper we will be concerned with Z-orders   in composi-

tion algebras (cf. [4]) of dimensions 2 and 4 over Q (Z denotes the ring of inte-

gers, Q the rationals), the quadratic and quaternion algebras, respectively.

Specifically, we will identify modules over quadratic and quaternion rings with

automorphic transformations of related quadratic forms.  Certain automorphic

transformations of B-ary quadratic forms are also discussed.   The author wishes

to express his appreciation to Professor Gordon Pall for his encouragement and

many helpful suggestions concerning this research.  Also, Dennis Estes, in

several letters to the author and to Dr. Pall, communicated a number of (hereto-

fore unpublished) ideas and results which have been utilized in this paper.

Accordingly, the author wishes to acknowledge Professor Estes' contribution.

The reader will recall that a composition algebra over a field K, of char-

acteristic not 2, is a pair (fl, N), where U. is an algebra over K and N is a func-

tion (called the norm), N:d —» K, such that, for a, ß £ (3, c £ K,

(i) N(a/3)= (Na)(Nß);

(ii) N(ca)=c2iVa;

(iii) the inner product (a, /3)= N(a + ß)- Na- Nß is bilinear;

(iv) N is nondegenerate; that is, if (a, ß) = 0 for each ß £ Ö, then a = 0;

and

(v) u has an identity element i: ia = ai= a fot all a £ u.
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An element a e U will be called pure if a e (Ki); that is, if (a, t) = 0.   Thus

if y e u, we may wtite y uniquely as y = ci + a, where c e K and a is pure.   The

conjugate of y is defined by y = ci - a.   It is easily shown that (ctß, y) =

(a, yß) = (ß, äy) and aß = ßa.   It is well known (cf. [4]) that a composition alge-

bra fl over Q has dimension 1 (Q itself), 2 (the quadratic fields), 4 (the quaternion

algebras), or 8 (nonassociative algebras).   Henceforth we assume that the dimen-

sion of U over Q is 2 or 4.

Whenever we speak of a module in U we shall mean a finitely generated Z-

submodule M of U such that Qm = U; that is, such that M is free over Z of rank 2

or 4.  We define the norm of 3H to be the least positive integer in m.   Let ß., • • •,

ßn be a basis for 3H.  We will sometimes write ¡HI = [ß , • • «, ß ].   N(l,x,ß,)

is a quadratic form ifr = "2. . b ..x .x ., b.. e Q   called the norm form of M for the
n r        id   U   »   l     ii

basis ßy,"', ß .  We may extract a rational number q and write \f> = qifj', where

ifr   is a primitive rz-ary quadratic form with coefficients in Z, called a primitive

norm of )H for the basis ßy, • • •, ß .  We verify easily that |iî| is an invariant of

the choice of basis, and that equivalent bases give rise to equivalent norm forms.

A composition algebra of order 2 over Q is a field F. = Q(j), where ;   4 1 is

a square free integer, or, if / is a symbol such that /'   = 1, F. is the commutative

associative algebra over Q with basis 1, /'.   If a = aQ + a,;', 5 = aQ — a.j, and

Na = tz2 - j2a2, and thus if j2 < 0, Na = 0 if and only if a = 0.  Set dQ = ;2 or

4/'2 according as j2 = 1 ot 4 1 (mod 4).   Let 3) = f^s2: s = 1, 2, 3, • • • !.   To each

d e 2) corresponds an order R¿ in F. given by

Rd = **0 + xicj: *0' xl e Z''

where

(1.2)  cu = co, = (e + \]d )/2,       e = 0 or  1 according as ¿=0 or  1 (mod 4).

It follows that N(x + yw) = x   + exy + (e - d)y /4, the norm form of R¿ fot the

basis 1, (ù.

The four-dimensional composition algebras over K ate the quaternion alge-

bras, 4-dimensional central algebras which are isomorphic to either a division

algebra or the algebra of 2 x 2 matrices over K.   O'Meara in [7] gives what is

probably the best known definition of a quaternion algebra.   However, for our pur-

poses, a more suitable definition is the one which follows, first given by Pall in

[91
Let / be an integral ternary form, (a..) the matrix of /.   Let (A..) = adj(tf..)

[if K is an n x n matrix, by "adj K" we mean the transpose of the matrix of co-

factors of K], and let adj / be the ternary form with matrix (A ..).   The quaternion

algebra U(/) pertaining to the form / has Q-basis 1, f     f     ¿    where i, = - A,,,
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A- 1, 2, 3, and ifis =-Ars+ \atkik, ig if = - Ajf- 2fe«tk«fc, where (r, s, i) is

a cyclic permutation of (1, 2, 3).   If a= Xjij + x2¿2 + xi   £ â(f) such that Xj,

x2, x, £ Z, then ais said to be purely integral.   If, in addition, (Xj, X-, x.)= 1,

then a is termed purely primitive.

The norm form of U for the basis 1, i,, z'2, ¿, is

N(*o + Z VJ = *o + ad> /(xr xr X3) = *o + £ V.-V

which need not always be an integral form.  However, it is found (cf. [9]), for

{/, /, k\ = jl, 2, 3Î> that if e, = 0 or 1 according as 2a.. is even or odd, then the

"Brandt norm form",

F=lx0+2^£kxk)   + adj/(xj, x2. x3),

has integral coefficients.  Accordingly, if we let jk = ik + fk/2, k = 1, 2, 3, then

the norm form of 3 for the basis 1, ; , J2, j   is F.   Further, it may be verified

that R(f) = ix. + ^-kx¡.IA xl e Z) is a Z-order, which will be called the integral

order "associated with ", or "obtained from", /.  When it is convenient, we will

write simply 3. and R tor (?(/) and /?(/).  An element a = xQ + 2fcx¿ /   £ R will be

termed primitive if 1 = (xQ, x , x , x ); primitive (mod m) it (xQ, Xj, x , x , m) =

1; pure (mod m) if (a, 1) = 0 (mod m).   If a is pure and primitive, a will sometimes

be called "pure-primitive" (as distinguished from "purely primitive").  The most

familiar quaternion algebra is the Hamilton algebra obtained from the form x   +
2 7

y   + z .   The corresponding order RQ is the "Lipschitz ring" of integral quater-

nions.

We remark in passing that no generality is lost by studying the rings R(f);

for Estes has shown that every ring R of integral quaternions containing four

linearly independent elements such that  1 £ R is isomorphic to a quaternion

order associated with an integral ternary form.

2. Modules and automorphic transformations.

2.1. The quadratic case. Suppose aj, a^ are elements of the quadratic order

R . = [l, oj] such that a a are linearly independent over 0. Let !)IÎ be the two-

dimensional Z-module [aj, a ]. Then we may select a Z-basis k[a, r + sco] for 5Tt,

where a, r, s £ Z, (a, r, s) = I, k £ Q. In the Z-module [a, r + soi], s is the least

positive integer coefficient of &> among the elements of the module, a is the norm

of the module, and r is unique (mod a).

Now [a, r + sa>] with (a, r, s) = 1  is an ideal in Rd if and only if s = 1 and

a\N(r + w) (cf. [2, p. 32]).   We may then set
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r+ùj= y2(b + \fd),       N(r + a>) = yAb2 - d) = ac,

whence b = (r + <a, 1), the trace of r + tu.   Thus with the Z-module JK = [a, r + co]

we may associate the form iff = [a, b, c].   Notice that if (a, 2d) = 1, or if d is

fundamental, then ft is primitive; for if p\(a, b, c), then p  \b   - 4ac = d, and

(b   - 4ac)/p    is a discriminant.

Let A denote the matrix of ft, and suppose a e F. such that aJlî C M or

a!m C JR.  Then we may select integers t., í,, t,, t. such that

aa = / jß + Z,(r + <a);    and

(2.1.1)
a(r+ ea) = t2a + ti.r + co),    or    a(r + ta) = t2a + t\.r + co).

One verifies easily that if

(2.1.2) T =

ty    t2

h    U

then T'AT = (Na)A.  Also, det T = Na or - /Va according as (2.1.1)   or (2.1.1)

is the case.

Conversely, suppose if/ - [a, b, c] is a binary quadratic form of discriminant

d with matrix A, and that T is a 2 x 2 integral matrix such that T AT = eA.   If T

is given by (2.1.2), then det T = ty4 - r2<3 = ±e.   Choose r so that r + a>d =

(b + \fd)/2, and let ax = ^a + t^r + a>), a2 = t2a + t^r + <y).

Assume det T = e.  Then from the Gauss lemma (cf. [l, p. 160]) we obtain

the equations - at2 = cty bt^ = at4 - «ij, whence a= (l/ajaj = (r + &))_1a2

satisfies iVa= e and a [a, r +<u] C [a,r + co].   If det T = — e, the Gauss lemma

yields bty = at2 - ct,, t. =- ty, whence a.(r + £>) = a a.   Hence if a= (l/aiaj,

then Na= e and a [a, r + w] C [a, r + ta].

(2.1.3) Theorem.  Let A be the matrix of a binary quadratic form iff = [a, b, c]

of discriminant d, r + co = r + a>d= (b + \¡d)/2, and M = [a,r + co].   Then to each

2x2 matrix T such that T'AT = eA corresponds an a e F. such that a3H C % or

a3lîc DU.  Specifically, a = (l/a)aj  and Afa= ± e, where (a^ a2)= (a,r + a>)T.

If ft is primitive, those T's such that T: aüll -* M form a ring R, isomorphic with

R,.   Conversely, if a}H or a3H C Uli, a e F., there is an integral 2x2 matrix T

satisfying T'aATa= (Na)A.

Clearly auïï C Uli, /3 Dïï C 5H imply (a+ ß)3ll C DU, aß)H C 3lî, and we easily verify

that Ta+ß =Ta+Tß, Taß = TJß = TßT a = Tßa.  Also, R ' = \a e F.: a3H C 1í] D

R ,, surely.  And if ft is primitive, R¿ is the largest order within which 3ll is an

ideal (cf. [2]).  Thus R ' = Rrf„
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2.2. The four-dimensional case. Let u be a quaternion algebra over the

rational field Q containing a four dimensional Z-module 31Î = [aj, a , a , a J with

norm form N(2.x.a.)= mF(x , x , x ,x )and having A as the matrix of its primi-

tive norm F.

Suppose that o, p £ Q. satisfy pmoC M.   Then we can find integers £••, 1 < i,

/< 4, such that pa.o= 1.t..a..  LetT=(r..).  Now Vi (a., a.) = ma.., so that
' - i j i;  ; u i    ; 17

(pa¿cr, pa;.cr) = (Np)(No)(a{, a.) = 2m(Np)iNo)ai..

But also,

(pa .0, pa .0) -1 V t .a , y * .a .1 = y í .(a , a )'f . = 2m V t .a   t .,
vf   2«> t>   j"'     \¿j ri   r  ¿_   sj   7I      ¿^,   ri     r'     s   sj ¿^   ri  rs sy

\r s /      r,s r,s

which is 2m times the (z, 7) entry in T'AT.  Hence  T'AT = (Np)(No)A. _Virtually

identical reasoning yields this same result if we assume instead that pmoC M.

The following useful lemma was essentially proved above:

(2.2.1) Lemma.  Let M, A be as above, and suppose that S is a nonsingular

4x4 matrix.   Let ßj,l<j<4,be given by (ßx, ß2, ß^, ßj = (a^ a^a^, a^S.

ThenS'AS=l/2m((ß.,ß.)).

(2.2.2) Lemma (Estes).  Let 1, px,p2,p    be linearly independent elements

of (î such that (p¿, 1) = 0, i = 1, 2, 3.   Let A = lA((p., py)) = (A..).  Then det A is

the square of a rational number d, and, for a cyclic permutation (i, j, k) of (1, 2,

3), PiPj = -A{. + \"nkPn, where (a..) = (adj A)Id.

Proof.  Let p.p. = rQ + rx px +r2p2 + r? p?, z'4 j.  Since  (p.p., 1) = - (p., p.)

= - 2A „ = 2r0, we have that  rQ = - A...    Now   (p.p., p.) = (p.p., p.) = 0,

hence(0, 0, (p^y, pfe))= 2(rj, r2, r3)A, ¿?¿ z,/. Since l,px,p2,p    are linearly

independent, det A 4 0, and (>j, r2> r )= (Mdet A)(0, 0, (pip., pk)) adj A.

Expanding the three terms  N(p .p ■ + A ..), (p .p.p., p, ), and  (p .p .p ., p  ), we

obtain the three equations

akk = (piPrPk)2akk/4dctA'>

2a.k = (p.p., pk)2a..l2 det A;

2a.k=(p.p.,pk)2a.k/2detA.

Since one of a k,, a, a.,   is not zero, (p .p ., p )   = 4 det A.  Choose ¿ = ± Vdet A

so that (pjP2j p3)= 2¿.   Then PjP2 =-Aj2+a13pj + a23p2 + a?3p      Since

(pjP2,p3)= (p3Pj,p2)= (p2Pi,pl), the lemma follows.    Q.E.D.
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Now suppose that T is a 4 x 4 nonsingular matrix such that T AT = eA

(whence e 4 0), and let (ßj, ß2» ß3> ß4) = (a,, a2, a?, a^)T.  Assume further

that a   is of nonzero norm.  Then from (2.2.1) we conclude that (ß., ß.) =

e(a.,a),\ <i, j<4.   Thus Nßj 4 0.   Also, (1, ßx ß.) = e(l, 5 a.), so that

(Nßy)d, ß^ß.)^ (1, /3jß;.)= e(l, S^)- (eAíttjKl, ajV).   Therefore,

(l,ß71ß.)=(l,a-1a.), l</<4.

Thus we may apply a transformation

U =

1    «

0 1

0 0

0     0

0

1

0

so that if (l, yy>y2>yi)= 0-, ai~la2> ai"lcV a~la^uand (1>o,,52,53) =

(1, ß71ß2, ß^ß^ ß^ßj U> then each y,» 57- is Pu«-  Therefore

n     o  ]
U'AU = (Na,/2m)

0   ((yf,y,.))J
But also, ei/'AU = U't'ATU, and (1, 5j, 52, 5?) = ß^ßj, ß.,, ßj, ß4) í/

ß71(a1,a2,a3,a4)T(i.   Hence

eü'Aí;= (Nßj/2772)! =e(/Vai/2w)1/2«)
[O    ((5¿, 5.))J 0   ((5¿, 5,)^

Consequently, ((y., y.))= ((5., 5.)), and so by (2.2.2)the y.'s have the same mul-

tiplication table as either the 5.'s or the 5.'s. Hence we can find a quaternion £,

and a sign r = ±1 such that rS. = fy .f-1, 1 < / < 3 (cf. [9, p. 285]).

If r = + l,then (1, 5,, 5.,, 8J equals both ßj^ßj, ß2, ß^ ß4) and

fa. yx>y2>yi)Ç~X = fa^fOj, a2, ay a4)f-1ÍJ.   Thus, taking p = ßyt°-\~\

a= Ç~ , we have pa.a= ß., 1 < z < 4.

If r = - 1, we observe that fa"1^, a2, a3> a4)£-I(7 = (1, Sj,52,5 ) =

(ßj, ß2, ß3, ß4)ßy   U.   Letting p = ßjf"  , a= ä"1^, it follows that ß. = pä.a,

1 < z' < 4.

We have proved:

(2.2.3) Theorem. Ler ÎR = [a , a , a    a ] be a four-dimensional Z-module

in a quaternion algebra U such that Na. 4 0, and let F be the primitive norm form
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of JR, A the matrix of F.   Suppose T is a 4 x 4 integral matrix such that T'AT =

eA, e 4 0.   Then we can find quaternions p, o e (l satisfying:

(i) (Np)(No)=e,

(ii) pJRorCJR,p(a1,a2,a3, a4)a= (a^, a.,, a?, a4)7\ or

pjRaC JR, p(â1,â2,â3,â4)ff= (ttj, a2> a^ a^T.

Conversely, if pJRff or pJRaC JR, then the matrix T determined by (ii) satisfies

T'AT=(Np)(No)A.

Thus (2.2.3) establishes an essentially unique association between pairs

(p, a) e Q. x Ö such that pJRa C JR, or pJRtr C JR, with (Np)(No) 4 0, and 4x4 inte-

gral matrices T: pJRa —»JR, or T: pJRa —* JR, such that T'AT = eA, e 4 0; "essen-

tially unique" in the sense that (p, o) and (qp, q~  a) gives rise to the same T

for any nonzero rational number q.  Those matrices  T: pJRo" ~~* JR form a (noncom-

mutative) multiplicative semigroup, and those associated with pairs (p, 1) form a

ring R1, as is easily verified; for if T: pJR —► JR, then we may identify T and p.

A necessary and sufficient condition that R   be isomorphic with R = [l, /., / , / ]

is evidently that JR be an ideal in R and not in any larger ring.  Clearly the same

remarks apply for those T's associated with pairs (1, a).

With any 4x4 rational matrix V we may associate a 4-tuple of quaternions

(ßy,ß2,ßi,ß4)= (1, jy, j2, ;3)V.  Conversely, with any 4-tuple (ß^ß^ß^,

ß  ) we may associate a 4 x 4 matrix V = (v..), where, for 1 < s < 4, ß   = v     +

v    j. +v    j   + v    j .   Thus the quaternions ß    may be regarded as the columns

of V, and we may write V =   [ßj ß2 ß   ß ].      ßs may be termed the "sth

column quaternion" of V.

(2.2.4) Lemma.

lap a<l ap aa] = [a ajy a/2 a/3][p £p a],

[pa £a pa aa] = [a jxa j2a /3a][p £p a].

The proof is easy.  Also, a matrix [a a/   aj   aj ] may be termed a "right

quaternion matrix," [a j a j a j a] a "left quaternion matrix".   The following has

already been observed:

(2.2.5) Corollary, [a ajy a/2 aj^\ßjxß j2ß j}ß] = \ß jxß j2ß Jiß][aaj1 a/2 ajji

These are matrices aR —> R, Rß —» R.  Also,

[apß a0 apß aaß] = [a ajy aj2 a/3][ß jyß j2ß j5ß][p £p a\.

If Ty-.pTR-* JR, T2:JRa-+ JR, then TjT2 = T^: pJRa— JR since

(av a2, ay a4)TjT2 = (ap a2, a3, a4)T2Tj = p(ar a2, a3> a4)o\
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Thus suppose F(Xj, x2, x3> x¿ = /V(Xj + x2Jx + x ;2 + *4/3), the "Brandt norm

form" of R (cf. M), whence Si = tl, jx, 7*2i /jl H 7* = LjSj ß2 ß3 /3J satisfies

T'AT = eA, then we can factor T = TXT2U, where (/ is unit modular and Tj, T

are left and right quaternion matrices, whenever we can write (ßx ß2 /3, ßA) =

o(p, £,, p, o)ß, with det[p C P ff] = ± 1. We shall see that this is always possible

when R = RQ, the Lipschitz ring of integral quaternions.

2.3 The Lipschitz ring. Let RQ = [l, z'j, z'2, z',] denote the Lipschitz ring of

integral quaternions, and suppose that m is a positive integer, / the 4x4 identity

matrix, and T =(/..) a 4 x 4 integral matrix satisfying T T = ml.  We assume with

no loss of generality that T is primitive.  Notice that T T = ml implies that

TT = ml.   Let 0-s, ßs denote the sth column quaternion, row quaternion of T,

respectively.   It follows from (2.2.1) that V2(a., a.)= V2(ß., ß.)= m8.., where 8..

is the Kronecker symbol.

Since T is primitive, if p is an odd prime dividing m, then at least two of

a., a , a , a   are primitive (mod p); for if three are imprimitive (mod p), so must

be the fourth.  We may assume aj, a   are primitive (mod p).   Because /Va. = m,

1 < z < 4, a , a   have either the same right divisors, or the same left divisors

(or both) of norm p, and such divisors certainly exist (cf. [8]).   Thus a} and a

have a common right (say) divisor y or norm p.   If a , k = 3 or 4, is also primi-

tive, then aj and a, have y as a common left or right divisor.   If y is a right

divisor of aj and afe, then all three of alf a2, a, have y as a right divisor.   If

a} and a, have y as a left divisor ,we consider y as a factor of a   and a,. If y

is a right [left] divisor of a2 and ak, then y is a right [left] divisor of all three

of aj, a2, a,. If the fourth a. is also primitive (mod p), the above argument may

be reapplied to yield the result that y is a common left divisor or a common right

divisor of each of alf a., a,, a.. Further, if a quaternion p satisfies p =

0 (mod p), then any quaternion of norm p is both a left and a right divisor of p.

Also, the above reasoning applies if the words "right" and "left" are interchanged.

Hence:

(2.3.1) Lemma. Suppose T is a primitive 4x4 nonsingular integral matrix

such that T T - ml, and that p is an odd prime dividing m.   Let ax, a , a    a

be the column quaternions of T.   Then there exists a quaternion y £ RQ of norm

p such that y is a common left or right divisor of ax, a , a    a .

Suppose a. = a. y, 1 < z < 4.   Then from (2.2.3) we conclude that T = US =

[y ixy i2y i y][a'x a'2 a^ a'^].  Now  (/'(/ = (Ny)l, so that T'T = ml implies S'S -

(m/Ny)I.  A similar result holds if y is a common left divisor of a., 1 < z < 4, only

then T =VS =[y yz'j yi2 yi^\ [a[ a'2 a'5 a'^\.  Also, UV = VU.   Hence, in view of

(2.3.1), we may take Ny = p for any odd prime factor p oí m, repeat the process
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with S, and so on until the supply of such factors is exhausted.  We thus obtain

a factorization T = LRE = RLE, where

(2.3.2) L = [p pz'j pz2 pz'3],       R=[£i102£iiO>

det R = my, det L = m2, where (2, m.m2)= 1 and 2* = m/mym2 is such that

E'E = 2*/.   Further, À = 0, 1, or 2, since T is primitive, and if 8 divides a sum

of four squares, each term must be even.

Suppose 5. is the z'th column quaternion of E, 1 < i < 4.  Assume X = 2.

Then N5; = 4 implies 5;(1 - ik) = (1 - z'fe)5. s 0 (mod 2), 1 < k < 3, since

N(8 .(1 — z, )) = 8.   Hence 1 + i,  is both a left and right divisor of each 5., and

so we may write E = RE y = LE2, R, L as in (2.3.2), each of determinant 4, and

F.F. = F2F_ = 2 /.   Thus the case A = 2 may be reduced to the case A = 1.

If À = 1, then we see that 5,, 52, 53, 54 must in some order be given by

±l±z,, ±l+i,, ±z'.±z , ±z.Tz , with /', k, n distinct.  Now 1 + i, and 1 - z,  are

divisors (left and right) of 1 ±z,, and, if j, n 4'k, i.±i    is equal to z'.(l + z, ) =

(1 - ijAi-, or to z'.(l - z',)= (1 + Zt)z—  Hence we may write F = RW, = LW2,

where R, L ate given by (2.3.2), and each is of determinant 4.   W-, W? have

determinants ±1„

(2.3.3) Theorem. Suppose T T = ml, T primitive.   Then there exists a fac-

torization T = RLW = LRW, W unit-modular (i.e., det W = ±1), det R = m\, det L =

m2, m = tzZjTtz    with R, L as in (2.3.2).   Further, if m is odd, the factorization

m = m.m2  is unique.

Everything has been shown but uniqueness.  We need several lemmas:

(2.3.4) Lemma. Suppose py, p2, p   e RQ such that (pk, 1) = 0, azza" such that

Py, p2, p,  have the same multiplication as  i., z'2, z'3.   Then there exists a sign

a= ±1 and a unit <f e RQ such that

(2.3.5) o-pk = ÇikÇ, A =1,2, 3.

This follows from the proof of Lemma 1 in [9, p. 285].

(2.3.6) Lemma. Suppose R, L are right, left quaternion matrices respectively,

and det U = ±1.   Then if RL = qll, q rational and not zero, then R and L are

within unimodular factors of a diagonal matrix.

Proof. Let U = [0n 9y 92 9^, N9k = 1, 0 < k < 3.   Let pk = 9Q9k, k = 1, 2,

3.  Since U'U = I, it follows that py, p2, p    satisfy the hypothesis of (2.3.4).

Choose a= ±1 and f e R0 as in (2.3.5).  Then  U = R.L,/, where

Ry = [ô0f eof«j 90&2 0O£3],    L, = [| iyl z2? i}&   ] = [1 aiy ai2 aÇ.
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Further, o= 1, since a3 = det / = det U - (l/<?4)(det R)(det L)> 0.   Hence / = /,

and R.R - L L   is thus both a left and right quaternion matrix.   Consequently,

R.R is a scalar multiple of /.    Q.E.D.

Proof of (2.3.3). Suppose 7= RlLlwl = R2L2W2' Rl> R2 "ght quaternion

matrices, L., L    left quaternion matrices, and W , W    unit-modular.  Since T is

primitive, so are  Lj and Rj.   Let  U=W2W'X.   Then (R'2Rx)(L'2Lx) = mU, and

hence we can find integral unimodular matrices V, W, and integers ç, 5 such that

R'2RX = ?V, L2Lj =sW.   Let

R'jRj = rj/,    R'2/?2=r2/,    LjLj = txi,    L'2L2-12¡.

It follows that q2 = r^r^ s2 = r,^, and that L{ = (s/i2)L2W, Rj = (qh2)R2V.

Since Rj and Lj are primitive, s|z2 and q\r2.   Hence (r Z?)^ = 9, (r  /s)íj = s,

soTjl?, íj|s.  Also, q2s2 = rxr2txt2 = m2 = r\t\ = |det T|, so rr   = ?s.   Thus

r.=q,t=s.  Similarly, r   = q, t   = s.  Consequently, the factorization T =

R  L W    is essentially unique.    Q.E.D.

(2.3.7) Corollary.  Let R and L be as in (2.3.2).   Then RL is primitive if and

only if R and L are.

Proof., In the proof of (2.3.3) just above, we obtained essential uniqueness

using only the fact that R. and L    were primitive.   Clearly essential uniqueness

does not follow if T is imprimitive.    Q.E.D.

We remark in passing that, if m is even, the factorization T = RLU, |det T\ =

(det R)(det L) is not unique, even if T is primitive; for the quaternion matrices

of determinant 4 may be taken as left or right, as has been shown.

(2.4) Remarks on rings of transformations: The n-dimensional case. Let A

be an b x b positive-definite symmetric matrix over the reals J\, and let S be a set

of matrices over 5\ such that:

(a) o is an ÍR-module and a ring containing the identity matrix;

(b) if S £ S, then there is an r £ 31 such that S'AS = rA; and

(c) if S £ S satisfies 5=0, then 5=0.

For S € S, define the norm of S by NS = r, where S AS = rA.   It follows that

if S,  Sj £ S, A £%, then N(SSx)= (NS)(NSx\ and  N(\S) = \2(NS).  Define the

inner product (S, T) by (S, T) = N(S + T) - MS - NT.   Then (S, T) = (T, S), and

MS + T)A = (S' + T')A(S + T) = iNS)A + iNT)A + S'AT + T'AS.

Therefore S'AT + T'AS = (S, T)A.   From this follows (AjSj + À^, S) =

A.(S  , S) +A (S  , S), so the inner product is bilinear.

Suppose that SQ £ S such that (S , S) = 0 for each S e S.   Then, in particular,
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(50, /)= 0, so S'QA = - ASQ, whence -A~1S'QA = S Q.   Thus S2 = 0, so SQ= 0.

Therefore o is a nondegenerate, associative composition algebra over J\.

Hence dim o: ¡A = 1, 2, or 4 (cf. [4]).

Suppose that dim S: 51 = 4.   Then S has a basis /, E y, E2, F? over R with

norm form x   + y   + z   + w   or x   + y   — z   —w    (the determinant of the norm

form must be a square, thus precluding index 1 or 3).  Since A is positive definite,

the former must be the case, since for S eh, NS is represented by the rz-ary qua-

dratic form with matrix A.   Also, it follows easily that (F., /) = (F., F, ) = 0 if

1 < j, k< 3, j 4 k, and hence that FÍA =-AE..   Thus A = E'.AE. = - AE2, E2 =

- /.   Further, if i 4 j, 0 = (F., F.)A = F(!AE;. + F^AF,. = - A(E.F;. + E.E.).

Therefore, F., F2, F,  satisfy

(2.4.1) F2 = -/,    E£. + F;.F¿ = 0,    i 4 j.

Accordingly, we recall two theorems of M. H. A. Newman in [6]:

(2.4.2) Theorem.  If n = 2qp where p is odd, and {E y, E2,'••, E „] is a set

of n x n matrices satisfying (2.4.1), then M<2q+ 1; and this maximum is attained.

A set satisfying (2.4.1) Newman calls an "F-set".  A "maximal" E-set has

the obvious meaning.   It is easily shown that a maximal F-set contains an odd

number of elements.

(2.4.3) Theorem. // all members of a maximal E-set are real or pure imaginary,

say R real and I imaginary, then R - I = - 1 or 7.

Therefore we may conclude that jF., F2, EA is not a maximal F-set, and

that if 7Z = 2?p, p odd, then 2a + 1 > 5, q > 2.  Hence n = 0 (mod 4).

Now suppose that dim §: J\ = 2.   Then o has a basis 1, F over % with norm
2 2

form x   + y .   From (2.4.2) and (2.4.3) we conclude 2a + 1 > 3, n even.

Thus if zz is odd, dim S: 3\ = 1.  We remark in passing that, if we remove the

restriction that A be definite, we can still conclude that n is   even  when

dim S: Â = 4.
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